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Abstract
A subset of vertices in a graph G is called a maximum dissociation set if it
induces a subgraph with vertex degree at most 1 and the subset has maximum
cardinality. The dissociation number of G, denoted by ψ(G), is the cardinality of a
maximum dissociation set. A subcubic tree is a tree of maximum degree at most 3.
In this paper, we give the lower and upper bounds on the dissociation number in a
subcubic tree of order n and show that the number of maximum dissociation sets
of a subcubic tree of order n and dissociation number ψ is at most 1.4664n−5ψ+2.
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1 Introduction
We consider only finite, simple, and undirected labeled graphs, and use Bondy and
Murty [3] for terminology and notations not defined here.
In a graph G, an independent set is a set of pairwise non-adjacent vertices of G. An
independent set is maximal if it is not a proper subset of any other independent set,
and maximum if it has maximum cardinality. The independence number of a graph G,
denoted by α(G), is the cardinality of a maximum independent set of G.
A dissociation set in a graph G is a vertex subset F such that the subgraph G[F ]
induced by F has vertex degree at most 1. A maximum dissociation set of G is a disso-
ciation set of maximum cardinality. The dissociation number of a graph G, denoted by
ψ(G), is the cardinality of a maximum dissociation set of G. The problem of finding a
maximum dissociation set in a given graph has been introduced by Yannakakis [27] and
is known to be NP-hard for bipartite graphs. The complexity of the problem for some
classes of graphs has been studied [1, 6, 20, 26, 27]. Note that a set F of vertices of a
graph G is a dissociation set if and only if its complement V (G) \ F is a so-called 3-path
vertex cover, that is, a set of vertices of G intersecting every path of order 3 in G. The
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3-path vertex cover problem is to find a minimum 3-path vertex cover in a graph G and
has received considerable attention in the literature [4, 13, 14, 24, 26].
In 1960s, Erdo˝s and Moser raised the problem of determining the maximum number of
maximal independent sets for a general graph G of order n. This problem was solved by
Erdo˝s, and later Moon and Moser [19]. Since then, the problem was extensively studied
for various classes of graphs, including trees [21, 25], connected graphs [10, 11], bipartite
graphs [16], unicyclic connected graphs [15], connected graphs with at most r cycles [22].
A number of authors have also studied the problem of determining the maximum number
of maximum independent sets for various classes of graphs [8, 12, 17, 18, 22, 28]. On the
other hand, the problem of determining the maximum number of minimal (or minimum)
dominating sets was also studied in the literature [2, 5, 7, 9].
A subcubic tree is a tree of maximum degree at most 3. Recently, Mohr et al. [17]
considered subcubic trees and proved the following.
Theorem 1.1. [17] If T is a subcubic tree of order n and independence number α, then
the number of maximum independent sets in T is at most 1.6182n−3α+1.
Inspired by these aforementioned problems, we consider the analogous problem of
determining the maximum number of maximum dissociation sets in a graph G. In [23],
we determined the maximum number of maximum dissociation sets in a tree of order n
and characterized the extremal trees. In the present paper, we consider the dissociation
number and the number of the maximum dissociation sets of a subcubic tree. In the next
section, we will give the lower and upper bounds on the dissociation number of a subcubic
tree of order n. In Section 3, we will show that the number of maximum dissociation sets
of a subcubic tree of order n and dissociation number ψ is at most 1.4664n−5ψ+2.
2 The bounds on the dissociation number of a sub-
cubic tree
Let G be a graph and v be a vertex in G. The neighborhood NG(v) is the set of
vertices adjacent to v and the closed neighborhood NG[v] is NG(v)∪ {v}. For a subset X
of vertices, the induced subgraph G[X ] is the subgraph of G whose vertex set is X and
whose edge set consists of all edges of G which have both ends in X . If U is the set of
vertices deleted, the resulting subgraph is denoted by G−U . If U = {v}, we write G− v
for G−{v}. A vertex in a tree T is called a leaf if it has degree exactly one. The neighbor
of a leaf is called a support vertex of T . If a support vertex of T is adjacent to at least
two leaves, then it is a strong support vertex of T .
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Let k be a positive integer. A set S of vertices in G is called a k-path vertex cover if
every path of order k in G contains at least one vertex from S. The k-path vertex cover
number τk(G) of G is the cardinality of a minimum k-path vertex cover in G.
Theorem 2.1. [4] Let T be a tree of order n and k a positive integer. Then, τk(G) ≤ n/k.
A set S of vertices of a graph G is a 3-path vertex cover if and only if its complement
V (G)\S is a dissociation set. Therefore, we can obtain a lower bound on the dissociation
number of a tree of order n.
Theorem 2.2. If T is a tree of order n, then ψ(T ) ≥ 2n
3
.
For a positive integer ℓ, let Tℓ arise by attaching a pendant edge to every vertex of a
path of order ℓ. Hence, Tℓ is a subcubic tree of order 3ℓ and ψ(Tℓ) = 2ℓ. It follows that
for a subcubic tree the lower bound on the dissociation number given by Theorem 2.2 is
tight.
Next, we give the upper bound on the dissociation number of a subcubic tree of order
n. If T is a tree, then T ′ arises from T by attaching a P5 such that V (T
′) is the disjoint
union of V (T ) and {x, y, z, j, k}, and E(T ′) = E(T )∪{uz, zy, zj, yx, jk}, where u is some
vertex of T .
Theorem 2.3. If T is a subcubic tree of order n, then,
ψ(T ) ≤ 4n + 2
5
. (1)
Furthermore, equality holds in (1) if and only if T arises from K2 by iteratively attaching
P5s.
Proof. Suppose, for a contradiction, that the theorem is false, and let n be the smallest
order for which it fails. Let T be a subcubic tree of order n and dissociation number
ψ such that either ψ > 4n+2
5
or ψ = 4n+2
5
and T doesn’t arise from K2 by iteratively
attaching P5s. It is easy to see that T has diameter at least 3. We root T at an endvertex
of a longest path in T . Let u be a leaf of maximum depth in T and uvwx be a path of T .
Claim 1. dT (v) = 2.
Proof of Claim 1. Suppose, for a contradiction, that dT (v) = 3. Let T
′ = T − (NT [v] \
{w}), then T ′ has order n−3 and dissociation number ψ−2. By the choice of n, we have
ψ = ψ(T ′) + 2 ≤ 4|V (T ′)|+2
5
+ 2 = 4(n−3)+2
5
+ 2 < 4n+2
5
,
which contradicts the choice of T .
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Claim 2. dT (w) = 3 and w is not a support vertex.
Proof of Claim 2. If dT (w) = 2, then T
′ = T−{u, v, w} has order n−3 and dissociation
number ψ−2. Similarly, we obtain ψ < 4n+2
5
, which contradicts the choice of T . Therefore,
dT (w) = 3.
Suppose, for a contradiction, that w is a support vertex. Let v′ be the child of w
distinct from v and v′ is a leaf. Let T ′ = T − {u, v, w, v′}, then T ′ has order n − 4 and
dissociation number ψ − 3. By the choice of n, we obtain
ψ = ψ(T ′) + 3 ≤ 4|V (T ′)|+2
5
+ 3 = 4(n−4)+2
5
+ 3 < 4n+2
5
,
which contradicts the choice of T .
By the above two claims, w has a child v′ distinct from v and v′ has exactly one child
u′ in T . Let T ′ = T − {u, u′, v, v′, w}, then T ′ has order n − 5 and dissociation number
ψ − 4. By the choice of n, we obtain
ψ = ψ(T ′) + 4 ≤ 4|V (T ′)|+2
5
+ 4 = 4(n−5)+2
5
+ 4 = 4n+2
5
,
which implies that ψ = 4n+2
5
and the tree T ′ arises from K2 by iteratively attaching P5s.
Since w has degree 3 and each of children of w has exactly a child that is a leaf, T also
arises from K2 by iteratively attaching P5s. This contradiction completes the proof.
Theorem 2.4. If T is a subcubic tree of order n, then 2n
3
≤ ψ(T ) ≤ 4n+2
5
. Moreover,
both bounds are tight.
3 The number of maximum dissociation sets in a sub-
cubic tree
In this section, our main result concerns the largest possible value of the number of
maximum dissociation set in a subcubic tree of order n and dissociation number ψ.
Let G be a graph and v be a vertex of G. The set of all maximum dissociation sets of
G is denoted by MD(G) and its cardinality by Φ(G). Let
Φv(G) = |{F ∈ MD(G) : v ∈ F}|,
Φv(G) = |{F ∈ MD(G) : v /∈ F}|,
Φ0v(G) = |{F ∈ MD(G) : v ∈ F and dG[F ](v) = 0}|,
Φ1v(G) = |{F ∈ MD(G) : v ∈ F and dG[F ](v) = 1}|,
It follows that Φ(G) = Φv(G) + Φv(G) and Φv(G) = Φ
1
v(G) + Φ
0
v(G).
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Lemma 3.1. Let T be a tree of order n and dissociation number ψ. If v is a leaf of T
such that ψ(T − v) = ψ(T ), then Φv(T ) ≤ min{Φ0v(T ),Φ1v(T )} and Φv(T ) ≤ 13Φ(T ).
Proof. Let u be the neighbour of v in T and T ′ = T − v. Since ψ(T ′) = ψ(T ), for every
maximum dissociation set F of T ′ the vertex u is contained by the set F and dT ′[F ](u) = 1.
Let NT ′(u) = {u1, · · · , uk}. Next, we will prove that there exists a vertex in NT ′(u) such
that it is in all maximum dissociation sets of T ′.
Without loss of generality, suppose to the contrary that there are two maximum dis-
sociation sets F1 and F2 of T
′ such that u1 ∈ F1 and u2 ∈ F2. Let D1, · · · , Dk be the
connected components of T ′ − u such that ui ∈ V (Di). See Figure 1. It is easy to see
that F1 ∩ V (D1) is a maximum dissociation set of D1 and every maximum dissociation
set of D1 contains u1. Since F2 ∩ V (D1) is a dissociation set of D1 not containing u1,
|F2 ∩ V (D1)| < |F1 ∩ V (D1)|. Now, [F1 ∩ V (D1)] ∪ [∪ki=2(F2 ∩ V (Di))] is a maximum
dissociation set of T ′ that does not contain u, this is a contradiction. Thus, we verify that
there exists a vertex in NT ′(u), say u1, such that it is in all maximum dissociation sets of
T ′.
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Fig. 1. The tree T ′ = T − v in the proof of Lemma 3.1
If F is a maximum dissociation set in T ′, then F1 = (F ∪ {v}) \ {u} is a maximum
dissociation set of T such that dT [F1](v) = 0, and F2 = (F ∪ {v}) \ {u1} is a maximum
dissociation set in T such that dT [F2](v) = 1. On the other hand, F is also a maximum
dissociation set in T that does not contain v. Thus, we have
Φ(T ′) = Φv(T ) ≤ min{Φ0v(T ),Φ1v(T )}.
Since Φ(T ) = Φv(T ) + Φ
0
v(T ) + Φ
1
v(T ), it follows that Φv(T ) ≤ 13Φ(T ).
Theorem 3.2. If T is a subcubic tree of order n and dissociation number ψ, then,
Φ(T ) ≤ 1.4664n−5ψ+2.
Proof. Suppose, for a contradiction, that the theorem is false, and let n be the smallest
order for which it fails. Let T be a subcubic tree of order n and dissociation number ψ
5
such that Φ(T ) > 1.4664n−5ψ+2. It is easy to see that T has diameter at least 3. We can
assume that n ≥ 4 and ψ ≥ 3.
Let α be the largest solution of the equation α3−α2− 2α− 1 = 0, that is, α ≈ 2.148.
Let λ =
√
α ≈ 1.466.
Claim 1. Let T1 be a subcubic tree of order n1 and dissociation number ψ1. If n1 ≤ n−3,
then for any vertex v ∈ V (T1) with dT1(v) < 3, we have Φv(T1) ≤ λ4n1−5ψ1.
Proof of Claim 1. Let v ∈ V (T1) and dT1(v) < 3. If v is in all maximum dissociation
sets of T1, then Φv(T1) = 0. Otherwise, let T2 arise from T1 by attaching a pendant edge
e to v. Then T2 is a subcubic tree of order n1 +2 and dissociation number ψ1 +2. If F is
a maximum dissociation set of T1 such that v /∈ F , F ∪ V (e) is a maximum dissociation
set of T2. By the choice of n, this implies
Φv(T1) ≤ Φ(T2) ≤ λ4(n1+2)−5(ψ1+2)+2 = λ4n1−5ψ1 .
We complete the proof of the claim.
We root T at an endvertex of a longest path in T . Let u be a leaf of maximum depth
in T and uvwx be a path of T . For a vertex z ∈ V (T ), let Tz be the subtree consisting of
z and all of its descendants in T .
Claim 2. dT (v) = 2.
Proof of Claim 2. Suppose, for a contradiction, that dT (v) = 3. Let T
′ = T − V (Tv),
then T ′ has order n − 3 and dissociation number ψ − 2. Since dT ′(w) < 3, by Claim
1, we have Φw(T
′) ≤ λ4(n−3)−5(ψ−2) = λ4n−5ψ−2. A maximum dissociation set in T ′ not
containing w can be extended in three ways to a maximum dissociation set in T , while a
maximum dissociation set in T ′ containing w can only be extended in a unique way to a
maximum dissociation set in T . Since all maximum dissociation sets in T are of one of
these types, we obtain
Φ(T ) = 3 · Φw(T ′) + Φw(T ′)
= Φ(T ′) + 2 · Φw(T ′)
≤ λ4(n−3)−5(ψ−2)+2 + 2λ4n−5ψ−2
= ( 1
λ2
+ 2
λ4
)λ4n−5ψ+2
< λ4n−5ψ+2,
where we use λ2 + 2 < λ4. This contradiction completes the proof of the claim.
Claim 3. w is not a support vertex.
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Proof of Claim 3. Suppose, for a contradiction, that w is a support vertex. Let v′
be a leaf of T that is adjacent to w. Let T (1) = T − V (Tw), then T (1) has order n − 4
and dissociation number ψ − 3. Let T (2) = T − {u, v}, then T (2) has order n − 2 and
dissociation number ψ − 1 or ψ − 2. Now, we consider the following two cases.
Case 1. ψ(T (2)) = ψ − 1.
In this case, w is in all maximum dissociation sets in T (2). Furthermore, a set F is a
maximum dissociation set of T if and only if
• either F = F ′ ∪ {u, v, v′}, where F ′ is a maximum dissociation set of cardinality
ψ − 3 of T (1),
• or F = F ′ ∪ {u}, where F ′ is a maximum dissociation set of cardinality ψ − 1 of
T (2).
By the choice of n, this implies
Φ(T ) = Φ(T (1)) + Φ(T (2))
≤ λ4(n−4)−5(ψ−3)+2 + λ4(n−2)−5(ψ−1)+2
= ( 1
λ
+ 1
λ3
)λ4n−5ψ+2
= λ4n−5ψ+2,
where we use λ2 + 1 = λ3. This contradiction completes the proof of the case.
Case 2. ψ(T (2)) = ψ − 2.
In this case, every maximum dissociation set of T contains both u and v. So we have
Φ(T ) = Φ(T (1)) ≤ λ4(n−4)−5(ψ−3)+2 < λ4n−5ψ+2. This contradiction completes the proof of
the case.
We complete the proof of the claim.
Claim 4. dT (w) = 2
Proof of Claim 4. Suppose, for a contradiction, that w has a child v′ distinct from v. By
Claim 2 and 3, the vertex v′ has exactly one child u′ and u′ is a leaf. Let T ′ = T −V (Tw),
then T ′ has order n−5 and dissociation number ψ−4. Since every maximum dissociation
set of T contains u, u′, v and v′, we have Φ(T ) = Φ(T ′) ≤ λ4(n−5)−5(ψ−4)+2 = λ4n−5ψ+2,
which contradicts the choice of T . This contradiction completes the proof of the claim.
Since we root T at an endvertex of a longest path in T , if the vertex x is the root of
T , then T ∼= P4 and Φ(P4) = 2 < λ4×4−5×3+2. Thus, we can assume that x is a child of a
vertex y in T .
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Claim 5. x is not a support vertex.
Proof of Claim 5. Suppose, for a contradiction, that x has a child w′ that is a leaf.
Let T (1) = T − V (Tx), then T (1) has order n− 5 and dissociation number ψ− 3 or ψ − 4.
Now, we consider the following two cases.
Case 1. ψ(T (1)) = ψ − 3.
In this case, every maximum dissociation set of T (1) contains y. Let T (2) = T −
{u, v, w}, then T (2) has order n−3 and dissociation number ψ−2. A set F is a maximum
dissociation set of T if and only if
• either F ∈ {F ′ ∪ {u, w, w′}, F ′ ∪ {v, w, w′}}, where F ′ is a maximum dissociation
set of cardinality ψ − 3 of T (1),
• or F = F ′ ∪ {u, v}, where F ′ is a maximum dissociation set of cardinality ψ − 2 of
T (2).
By the choice of n, this implies
Φ(T ) = 2 · Φ(T (1)) + Φ(T (2))
≤ 2λ4(n−5)−5(ψ−3)+2 + λ4(n−3)−5(ψ−2)+2
= ( 2
λ5
+ 1
λ2
)λ4n−5ψ+2
< λ4n−5ψ+2,
where we use λ3 + 2 < λ5. This contradiction completes the proof of the case.
Case 2. ψ(T (1)) = ψ − 4.
In this case, there is at least one maximum dissociation set F in T (1) such that y /∈ F .
On the other hand, every maximum dissociation set in T contains u, v, x and w′. So we
have Φ(T ) = Φy(T
(1)) ≤ Φ(T (1)) < λ4n−5ψ+2, which contradicts the choice of T .
We complete the proof of the claim.
Claim 6. x has no child that is a support vertex.
Proof of Claim 6. Suppose, for a contradiction, that x has a child w′ that is a support
vertex. By Claim 2 and 3, the vertex w′ has exactly one child v′ that is a leaf. Let
T (1) = T − {u, v}. Because it is easy to see that there exists at least one maximum
dissociation set F of T such that v /∈ F , T (1) has order n − 2 and dissociation number
ψ− 1. Let T (2) = T − {u, v, w}, then T (2) has order n− 3 and dissociation number ψ− 2
and let T (3) = T − V (Tx), then T (3) has order n− 6 and dissociation number ψ − 4.
A set F is a maximum dissociation set of T if and only if
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• either F = F ′∪ {u}, where F ′ is a maximum dissociation set of cardinality ψ− 1 of
T (1),
• or F = F ′ ∪ {u, v}, where F ′ is a maximum dissociation set of cardinality ψ − 2 of
T (2),
• or F = F ′ ∪ {v, w, v′, w′}, where F ′ is a maximum dissociation set of cardinality
ψ − 4 of T (3),
By the choice of n, this implies
Φ(T ) = Φ(T (1)) + Φ(T (2)) + Φ(T (3))
≤ λ4(n−2)−5(ψ−1)+2 + λ4(n−3)−5(ψ−2)+2 + λ4(n−6)−5(ψ−4)+2
= ( 1
λ3
+ 1
λ2
+ 1
λ4
)λ4n−5ψ+2
= λ4n−5ψ+2,
where we use λ2 + λ + 1 = λ4. This contradiction completes the proof of the claim.
Claim 7. dT (x) = 2
Proof of Claim 7. Suppose, for a contradiction, that x has a child w′ distinct from w.
By Claim 5 and 6, the vertex w′ has a child v′ that has a child u′. By Claim 2 and 3,
dT (w
′) = dT (v
′) = 2. Let T (1) = T − V (Tx), then T (1) has order n − 7 and dissociation
number ψ − 4 or ψ − 5. Now, we consider the following two cases.
Case 1. ψ(T (1)) = ψ − 4.
Let T (2) = T − (V (Tx)\{x}), then T (2) has order n−6 and dissociation number ψ−4.
In this case, ψ(T (2)) = ψ(T (1)), by Lemma 3.1, we have
Φx(T
(2)) ≤ 1
3
Φ(T (2)), (2)
2 · Φx(T (2)) + Φ0x(T (2)) ≤ Φ(T (2)). (3)
A maximum dissociation set in T (2) not containing x can be extended in nine ways to
a maximum dissociation set in T , a maximum dissociation set F in T (2) with x ∈ F and
dT (2)[F ](x) = 0 can be extended in three ways to a maximum dissociation set in T , and a
maximum dissociation set F in T (2) with x ∈ F and dT (2)[F ](x) = 1 can only be extended
in a unique way to a maximum dissociation set in T . Since all maximum dissociation sets
of T are of such forms, we obtain
Φ(T ) = 9 · Φx(T (2)) + 3 · Φ0x(T (2)) + Φ1x(T (2))
= Φ(T (2)) + 8 · Φx(T (2)) + 2 · Φ0x(T (2)).
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By inequalities (2) and (3), consider the following linear programming:
max . 8 · Φx(T (2)) + 2 · Φ0x(T (2))
s. t. Φx(T
(2)) ≤ 1
3
Φ(T (2))
2Φx(T
(2)) + Φ0x(T
(2)) ≤ Φ(T (2))
Φx(T
(2)) ≥ 0, Φ0x(T (2)) ≥ 0.
The linear programming has an unique optimal solution
(Φx(T
(2)),Φ0x(T
(2))) = (1
3
Φ(T (2)), 1
3
Φ(T (2))).
Thus,
Φ(T0) ≤ Φ(T (2)) + 83 · Φ(T (2)) + 23 · Φ(T (2)) (4)
= 13
3
· Φ(T (2))
≤ 13
3
λ4(n−6)−5(ψ−4)+2
< λ4n−5ψ+2,
where we use 13
3
< λ4. This contradiction completes the proof of the case.
Case 2. ψ(T (1)) = ψ − 5.
In this case, there is at least one maximum dissociation set F in T (1) such that either
y /∈ F or y ∈ F and dT (1)[F ](y) = 0. Furthermore, a maximum dissociation set of T (1) can
be extended at most three ways to a maximum dissociation set of T . Thus,
Φ(T ) ≤ 3 · Φ(T (1))
≤ 3λ4(n−7)−5(ψ−5)+2
< λ4n−5ψ+2,
where we use 3 < λ3. This contradiction completes the proof of the case.
We complete the proof of the claim.
We are now in a position to derive a final contradiction. By the above claims, dT (v) =
dT (w) = dT (x) = 2. Let T
(1) = T − V (Tx), then T (1) has order n − 4 and dissociation
number ψ − 2 or ψ − 3. We consider the following two cases.
Case 1. ψ(T (1)) = ψ − 2.
In this case, for every maximum dissociation set F of T (1), we have y ∈ F and
dT (1)[F ](y) = 1. Let T
(2) = T − {u, v}, then T (2) has order n− 2 and dissociation number
ψ − 1; let T (3) = T − {u, v, w}, then T (3) has order n− 3 and dissociation number ψ − 2.
A set F is a maximum dissociation set of T if and only if
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• either F = F ′ ∪{v, w}, where F ′ is a maximum dissociation set of cardinality ψ− 2
of T (1),
• or F = F ′ ∪ {u}, where F ′ is a maximum dissociation set of cardinality ψ − 1 of
T (2),
• or F = F ′ ∪ {u, v}, where F ′ is a maximum dissociation set of cardinality ψ − 2 of
T (3).
By the choice of n, this implies
Φ(T ) = Φ(T (1)) + Φ(T (2)) + Φ(T (3))
≤ λ4(n−4)−5(ψ−2)+2 + λ4(n−2)−5(ψ−1)+2 + λ4(n−3)−5(ψ−2)+2
= ( 1
λ6
+ 1
λ3
+ 1
λ2
)λ4n−5ψ+2
< λ4n−5ψ+2,
where we use λ4 + λ3 + 1 < λ6. This contradiction completes the proof of the case.
Case 2. ψ(T (1)) = ψ − 3.
In this case, there is at least one maximum dissociation set F in T (1) such that either
y /∈ F or y ∈ F and dT (1)[F ](y) = 0. Let T ′ = T −{uv}+ {xu}, then it is easy to see that
T ′ has order n and dissociation number ψ. Next, we will prove that Φ(T ) ≤ Φ(T ′).
A set F is a maximum dissociation set of T if and only if
• either F ∈ {F ′ ∪ {x, v, u}, F ′ ∪ {x, w, u}}, where F ′ is a maximum dissociation set
of cardinality ψ − 3 of T (1) such that y /∈ F ′,
• or F = F ′ ∪ {x, v, u}, where F ′ is a maximum dissociation set of cardinality ψ − 3
of T (1) such that y ∈ F ′ and dT (1)[F ′](y) = 0.
Thus, we have Φ(T ) = 2 · Φy(T (1)) + Φ0y(T (1)).
Similarly, a set F is a maximum dissociation set of T ′ if and only if
• either F ∈ {F ′ ∪ {x, v, u}, F ′ ∪ {w, v, u}}, where F ′ is a maximum dissociation set
of cardinality ψ − 3 of T (1) such that y /∈ F ′,
• or F = F ′ ∪ {w, v, u}, where F ′ is a maximum dissociation set of cardinality ψ − 3
of T (1) such that y ∈ F ′ and dT (1)[F ′](y) = 0,
• or F = F ′ ∪ {w, v, u}, where F ′ is a maximum dissociation set of cardinality ψ − 3
of T (1) such that y ∈ F ′ and dT (1)[F ′](y) = 1.
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Thus, we have Φ(T ′) = 2 · Φy(T (1)) + Φ0y(T (1)) + Φ1y(T (1)). It follows that Φ(T ) ≤ Φ(T ′).
On the other hand, by Claim 3,
Φ(T ) ≤ Φ(T ′) ≤ λ4n−5ψ+2.
This final contradiction completes the proof.
Corollary 3.3. Let T be a subcubic tree of order n and dissociation number ψ. If ψ =
4n+2
5
, then T has exactly one maximum dissociation set, i.e., Φ(T ) = 1.
Proof. The result can be easily obtained from Theorem 3.2. In fact, if ψ = 4n+2
5
, by
Theorem 2.3, the structure of T is known and it can been seen that Φ(T ) = 1.
Corollary 3.4. Let T be a subcubic tree of order n. Then
Φ(T ) ≤ 1.29n+1.
Proof. By Theorem 2.4 and 3.2, we have
Φ(T ) ≤ λ4n−5·2n3 +2 = λ2n+23 ≤ 1.29n+1.
Corollary 3.5. Let T be a subcubic tree of dissociation number ψ. Then
Φ(T ) ≤ 1.466ψ+2.
Proof. By Theorem 2.4 and 3.2, we have
Φ(T ) ≤ λ4·
3ψ
2
−5ψ+2 = λψ+2 = 1.466ψ+2.
4 Further remark
In fact, with some tedious calculation we can obtain a more accurate value on the
maximum number of maximum dissociation sets of a subcubic tree of order n and disso-
ciation number ψ. Furthermore, the extremal subcubic trees achieving this maximum are
also found.
Let f(n) and g(n) be two sequences, where f(0) = 1, f(1) = 1, f(2) = 3 and f(n) =
f(n − 1) + 2f(n − 2) + f(n − 3) when n ≥ 3 and g(0) = 1, g(1) = 2, g(2) = 4 and
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g(n) = g(n− 1) + 2g(n− 2) + g(n− 3) when n ≥ 3. The equation α3 − α2 − 2α− 1 = 0
mentioned in the proof of Theorem 3.2 is exactly the characteristic equation of f(n) and
g(n).
For a positive integer ℓ,
(1) let Tℓ arise by attaching a pendant edge to every vertex of a path of order ℓ, then
it can be seen that V (Tℓ) = 3ℓ, ψ(Tℓ) = 2ℓ and Φ(Tℓ) = f(ℓ+ 1);
(2) let T
(1)
ℓ arise by attaching a pendant edge to every vertex of a path of order ℓ+ 1
except exactly one of its two endvertices, then it can be seen that V (T
(1)
ℓ ) = 3ℓ + 1,
ψ(T
(1)
ℓ ) = 2ℓ+ 1 and Φ(T
(1)
ℓ ) = g(ℓ);
(3) and let T
(2)
ℓ arise by attaching a pendant edge to every vertex of a path of order
ℓ+2 except its two endvertices, then it can be seen that V (T
(2)
ℓ ) = 3ℓ+2, ψ(
(2)
ℓ ) = 2ℓ+2
and Φ(T
(2)
ℓ ) = f(ℓ).
For two positive integers n and ψ with 2n
3
≤ ψ ≤ 4n+2
5
, let T (n, ψ) denote the extremal
subcubic tree having the maximum number of maximum dissociation sets among all sub-
cubic trees of order n and dissociation number ψ. Using the proof method in the proof
of Theorem 3.2 and a more complex analysis, the following result can be obtained.
Theorem 4.1. If T is a subcubic tree of order n and dissociation number ψ, then,
Φ(T ) ≤
{
f(4n−5ψ+2
2
) , if ψ is even;
g(4n−5ψ+1
2
) , if ψ is odd.
Furthermore,
(1) if ψ = 2n
3
, then T (n, ψ) = Tψ/2;
(2) if 2n
3
< ψ < 4n
5
and ψ is even, then T (n, ψ) is obtained either from T 4n−5ψ
2
by at-
taching 3ψ−2n
2
times P5s to some vertex of degree less than 3, or from T
(2)
4n−5ψ+2
2
by attaching
3ψ−2n−2
2
times P5s to some vertex of degree less than 3;
(3) if 2n
3
< ψ < 4n
5
and ψ is odd, then T (n, ψ) is obtained from T
(1)
4n−5ψ+1
2
by attaching
3ψ−2n−1
2
times P5s to some vertex of degree less than 3;
(4) if ψ = 4n
5
, then T (n, ψ) is obtained from P5 or T
(2)
1 by attaching
3ψ−2n−1
2
times P5s
to some vertex of degree less than 3;
(5) if ψ = 4n+1
5
, then T (n, ψ) is obtained from K1 by attaching n − ψ times P5s to
some vertex of degree less than 3;
(6) if ψ = 4n+2
5
, then T (n, ψ) is obtained from K2 by attaching n − ψ times P5s to
some vertex of degree less than 3.
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